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The influence of the rod-disk excluded volume on the existence of a bicritical point in a mixture of rodlike
and disklike particles has been examined using the second virial theory. Within the approximation in which the
interaction kernel is expanded to second order in a basis of symmetry-adapted functions, it is shown from a
combination of bifurcation analysis and numerical solution of the Euler-Lagrange equations for the free energy
that there exists a value of the rod-disk excluded volume parameter for which the bicritical point disappears.
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. INTRODUCTION 4-methoxybenzlidene’4n-butylaniline, or cyanobiphenyl
homologs, with their rigid and planar pairs of benzene rings,
In recent years much effort has been put into the investiare in fact biaxial but do not form biaxial phases.
gation of biaxial nematic phases both experimentally and Theoretically, the biaxial phase has been found in several
theoretically. A necessary but not sufficient condition in puremodels of rod-disk mixtures. The pioneering work of Alben
systems is that particles should exhibit biaxial symmetry. I3] assumed purely steric interactions between particles lo-
addition, the interparticle interaction parameters must fulfillcated at the sites of a lattice whose principal axes are con-
very special relationgsee, e.g.[1]). Obtaining stable, pure strained to lie along one of the space-fixedy, or z direc-
biaxial thermotropic nematic liquid crystals in practice hastions. The corresponding phase diagram exhibits four phases:
remained a formidable challenge. isotropic, calamitic (rodlike) uniaxial nematic, discotic
Much better chances of success are foreseen when dealidisklike) uniaxial nematic, and biaxial. Upon compressing
with mixtures of rodlike and disklike particles. Experimental the system from the isotropic phase, there is a first-order
evidence for the existence of the biaxial phase was clearlyransition into an ordered phase that has the symmetry of the
established by Yu and Saup®] for the lyotropic mixture of majority component. There is, however, one special point,
potassium laurate, decanol, and watep@P. Because am- called the Landau point or bicritical point, where the transi-
phiphilic compounds in aqueous solution tend to aggregatdjon is second order into the biaxial phase. The uniaxial-
this system contains cylindrical micelles whose shapéiaxial phase boundaries come together in a sharp cusp at
changes from cylindrical rodlike to bilayer disklike as a this point.
function of temperature or concentration. It is not obvious All subsequent theoretical work on mixtures has con-
what kind of micelles are formed in the region of the biaxial firmed the above topology of the phase diagram. Quantitative
phase and whether their cylindricity is maintained. Howeverdifferences arise owing to details of the models or of the
since the shape anisotropy necessary for biaxial phase foapproximations employed. In 1982] Rabin, McMullen,
mation is really very special and the micelles existing closeand Gelbart applied thg expansion to a mixture of hard
to the uniaxial nematic—biaxial nematic transition are cylin-rods and disks with continuous positional and orientational
drical, thus very far from fulfilling these conditions, one can degrees of freedom. A complete analysis of the same model,
be fairly confident that the biaxiality observed in amphiphilic albeit at the level of the second-virial coefficient, has been
systems is caused either by mixing of rodlike and disklikeperformed by Stroobants and Lekkerkerkgf, who gave a
micelles or by some other phenomenon connected with detailed description of the behavior of the order parameters,
change of identity of the micelles. In the case of thermotrofree energies, and phase boundaries as functions of compo-
pics, the very existence of biaxial phases is still in doubt: Letsition, density, and some chosen shape anisotropy. Note,
us note that the molecules of the classic para-azoxyanisolapwever, that the/ expansion does not change the bifurca-
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tion diagrams or order parameters but simply rescales theires by showing the possibility of a different type of phase
density. In the above continuous models, excluded volumediagram and analyzing the influence of the rod-disk interac-
are approximated by their Legendre polynomial expansiortion parameter on the bicritical point.
truncated at second order. The free energy functional for a binary system comes
In studies of mixtures it is essential to investigate thefrom density-functional theor{4,5,7,17] (it is also derivable
stability of the biaxial phase with respect to demixing. Thisfrom the basic principles of the Bogoliubov-Born-Green-
is most important from the experimentalist’s point of view Kirkwood-Yvon hierarchy[9]) and for the hard rod-disk
and also for potential applications. Using the Zwanzig modemixture takes the form
[6], van Roij and Muldef7] estimated the critical value of BF
the length-to-width ratio of particles for which a stable biax- £/ _ f >
ial phase might appear. When present, the biaxial phase is N Xaln Xa+XgIN Xg X4 | 14l Yades
stable in a triangular region of the composition-density phase 1 1
diagram. Attempts at a more realistic description of nemato- 4 f - ~ 2/ EAA ~2/=BB
4 ; o ; X In ygdw+ = pXa(E*Y+ = pXg(E
genic molecules need to include not only steric interactions 5] ¥Ysin ¥sdw 2P ABT) 2P a(E™)
but also attractive forces and comprise results such as the van
der Waals theory8] and the mean-field theory of the Ruij- +';)XAXB<EAB>_)\A J lﬁAdJ)—l)
+1 —N 1 1
Ny L 1)

grok modification of Lennard-Jones interactiof or of

Gay-Berne mixtureg10]. Within the Maier-Saupe theory,

Palffy-Muhoray and de Bruyhll] have given a negative —)\B(f (deL:’_l
answer to the question of whether there is a stable biaxial

phase. Results of computer simulations of various mixtures

have also highlighted stability probleni42]. In all these wherey, and 4 are the single-particle orientational distri-
approaches, biaxiality is driven by interactions between un iion functions of rods and disks, is the unit vector along

like particles. . , the main axis of a given particle, ani,,\g are the
One of the characteristic features of the phase diagrams ¢fygrange multipliers that ensure normalization of the orien-

rod-disk liquid crystal mixtures, already mentioned above, i§ational distribution functions. The interaction terms have the
the existence of the bicritical, or Landau, point, where biax+qrm

ial, uniaxial, and isotropic phases meet. When the particles

have the same proper volume, in the second virial approxi-

mation, the bicritical point is found at composition 1/2. In Eii Zi'f de fd S G E (G- o Vi 2
this case the transition from the isotropic phase to the aniso- (ED=7i | do O BN w0 Y, @
tropic one is second order due to the fact that the cubic term
in the expansion of the free energy in the leading-order pa- s i ” Ty .
rameter vanishes. So far it has been thought that the seconfilereZi E'(w; - o) is the excluded volume of two particles

order character justifies that the anisotropic phase involveg r?nljjl zja rvgt/r]e:g(es gr'ﬁgaéfcqj daer(]jdi/”olilr?wneeo?‘t?r?g:efct)\:v:)hear-
has to be of biaxial symmetry. In this paper | show that, if in 9 9 P

a hard-rod—hard-disk mixture the spherical harmonic expant-iCleS' For rod-rod, disk-disk, and rod-disk excluded volumes

sion of the excluded volume is truncated at second ordell,he following formulas hold:
then for a sufficiently large rod-disk excluded volume the
anisotropic phase is uniaxial. a4 - - _ - o

The purpose of this paper is to study the influence of the (E™ )= ;/AAJ d‘”lAJ dwaatia SIN y(@1a,@20) Yoa
rod-disk excluded volume on the existence of the bicritical (3)
point in a mixture of rods and disks. The paper is organized
as follows. Section Il summarizes the theoretical background

for the case considered and introduces a complete bifurcation —gg, _ 4 j - f - . - -
analysis. Section Ill presents numerical results. Finally, Sec.<E ) /e8| dois | doxgis Sin y(@1s,@28) Y2s,

IV contains a summary of the conclusions. 4
Il. SECOND VIRIAL THEORY OF A HARD ROD-DISK . _ . .
MIXTURE (EAB)= 2/ABJ dwlAJ dwopi1alCOS Y(@1a,@28) | o8 ,
A. L2 rod-disk model 5

In this paper | consider a binary mixture of hard rdéds _
particle3 and hard disk¢B particles. The length of a rod is  With
L, and its width isD, and those of a disk areg andDg,
respectively. The total number of particles in the system is - 2 -
N=N,+Ng, the total densityp=N/V, and the mole frac- /AA:ZDALi7 /BB:ED; /AB:1_6D§LA7 (6)
tions of rods and diskgx=N,/N and xg=Ng/N, respec-
tively. Such a system is the simplest model of a rod-disk L. . .
mixture and has been quite widely stud{@d5]. The goal of ~ wherey(w;, ;) is the angle betweea; andw; . Minimiza-
this paper is to extend the knowledge of hard rod-disk mix-tion of the functional1) yields the set of equations
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8 _ .. . States before and after the symmetry transformations should
In 1a=—— PXAbf Sin y(wia,@2p) Poadwon be equivalent and thus appropriate conditions for the indices
allowed in Wigner matrices emerge in Eq8) and (10).

~ - R Aa A standard way of solving Eq$7) and (8) is to expand
—4PXBﬂbJ |cos Y(@1n,w28)| 2pdwop+ X interaction kernels and functions into a series of symmetry-

A adapted functions for the biaxial phagk14] and then to
(7 solve iteratively the set of self-consistent equations, whose
number depends on the maximum order of terms included in

| _ 8~ . - - de the series. The general expansion of the excluded volumes in
N Y15= = 7 pXeD | SN y(@1p,028) Yopdwas the present casdunctions siny and|cosvy/),
- .. I VA .. L
_4PXA¢bJ |cos Y(w1a,@18)|#1adw1a+ X5 E(wi'wj)zlzo E'Pi(0;- ), 12

(8) would also contain odd-order Legendre polynomials. How-

which are the self-consistent integral equations for the distris eh because of the symmetry properties imposed on the

bution functionsy,, and ¢, and 1 also used the notation of dlstnbunon fL_Jnctlons, all integrals containing these terms ef-
. , ;) fectively vanish.

[5]: #an=b, #gg=rb, and/ag=,b. When the excluded Following [5], | retain terms up to second order only (

volumes of the particles of the same kind in the isotropic g 1o, P

hase are equal= 1. Introducing the dimensionless densit =2). Thus the model interaction no longer describes real
phase q T 9 o Y hard rods or disks and becomes of the Maier-Saupe type;
p=Dbp, one is left with the only one parametgrwhich is a

f . henceforth | will call it theL2 rod-disk model.
function of molecular shapes and determines the value of the Because molecules are uniaxial, their orientational order

rod-disk excluded volume. _ _(uniaxial or biaxia) is described in terms of angular averages
A basic too] that is used to'operate on the orlentatlonalbf only two symmetry-adapted functions

dependent objects are the Wigner standard rotation matrix

elementsD} (Q) [13], which are certain complex functions  P,(6)=3(3 cog 6—1), D(6,¢$)=3V3 sir? 6 cos 2p,

of the Euler angle$)=(6,¢,¢). In practice, usage of them (13

causes troubles and is very inconvenient. Taking also into ] 5 5 ) o

account their complex character, it is apparent that the neegPinciding with Ag (Q) and A3 () in [1]. (For biaxial

for real symmetry-adapted functions has arisen. In the cag@olecules, the full set of four symmetry-adapted functions

of the biaxial symmetry the following definitions have beenWwould be required.

given by[1] and[14]. In the first, Within the L2 model the functions appearing in the ker-
nels of integralg7) and(8) and relevant for the biaxial sym-
j 1./5\2+8mo+ & j metry are
Abn(Q)=(3v2)* om0t o0 > DL (Q), (9)
o0’ ={-11 ) T 5
siny=,~ EPZ(COS ), 14
only even indiceg,m,n are allowed (B=m,n<j); in the
second, it is shown that odd values jofare also possible 1 5
(2=m,n=<j): |cos;z|=§+ g Pa(cosy). (15)

j — (14/5)2+ Smo+ 8 _ . .
Al n(Q)=(5v2)?" o™ ono The relation between Legendre polynomials depending on

the cosine of the relative angheof two particlesi andj [as

X > (—1)1(”/‘”)/2D{Tm'g,n(ﬂ). in Egs.(14) and(15)] and symmetry functions dependent on
cor={-11 the orientations of the individual particles, ¢; ,6; ,¢; is
(10)
P )=, o (— 1™ (8, 8OV (6 )
For the analysis of th®,, symmetry of the biaxial phase, @i @; T 21+1 mA P %) T —mA T S
application of the following generators is recommenfibd; (16)

rotation of 7 around thez axis (),(7), rotation of = around
the y axis Q (), and inversionl. These three symmetry where Y! are the standard spherical harmonic functions
operations change Euler angles asH®,0,¥), (7— ¢, 7 (—=I=m=l) [13]. In particular, one can rewrite E¢L6) as
—60,7+¢), and (m+ ¢, 77— 0, 7— ), respectively, and the L.
following equalities for the Wigner matrix elements hold: Pi(w;i- wj)=P,(cos ;) P|(cos 6;)
. . . |
D Qy(m)Q)=(=1)*"D | (Q), > (I—m)!
m=1 (I+m)!

Pl"(cos ;) P{"(cos 6))

Dl QM) Q)= (= 1) "Dl (), (17 %2 co§m(di— )] 17
i 1/

Dha(1Q)=(=1)1*"Dl _ (Q). whereP[" are the associated Legendre polynomials.
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The above theory allows for the numerical analysis of theorder parameters”, e® and the angular functiorP,(1).
properties of a hard rod-disk mixture. | would like to apply it Multiplying Egs. (19) and (20) by P,(1) and integrating
to investigate the influence of the rod-disk excluded volumeover the whole range of the variablég and ¢, , effectively

on the bicritical point. one can get the set of equations
To learn about the structure of the possible phase dia-
grams for the mixture considered | will have to look at the eN1—mpxpl o)+ €Bpxg2l g7=0, (2D
solutions of Eqs(7) and (8). Note first that the trivial solu-
A,B . . .
tions e¥o” =1/4x corresponding to the isotropic phase al- eB(l—wprIB)+eApr2wlA¢=0, (22

ways exist for any density and compositions. Then, at some
higher densities, the forms of the distribution functions will yypere| , B:ewé’B: 1/47r. Equationg(21) and(22) yield p*,
gain orientational-dependent contributions indicating anisone pifurcation density, as the root of the characteristic equa-

tropic phases solutions. These solutions will continuously bitjon detM=0, whereM is the matrix of coefficients multi-
furcate from the isotropic branch. However, only in the caselying eAB:

of the second-order transitions do the bifurcation points co-

incide V\_/ith the_: trans_ition points. One may assume that close 1—mpXala pXe2mlgy

to the bifurcation points the anisotropic solutions would con- M= . (23
tain only linear orientational order terms or symmetry- pXa2mlay 1= mpXglg

adapted functions of the lowest order. Thus E@$.and (8) o ]

in the vicinity of the bifurcation will take the form of a The characteristic equation reads:

simple set of two linear equations. In the following subsec- 5 2. o

tions | will present the way of finding bifurcation points due (1= 7pXal A)(1—7pXglg) — /" p 47 XaXgl Al g=0.

to isotropic () —uniaxial nemati¢UN) bifurcation and then, (24)

likewise, for the UN—biaxial nematiBN) bifurcation. . i i i
EN) The lowest positive solution of Eq24) gives the density at

which one can expect a bifurcation from the isotropic to the
uniaxial nematic phase.

Let us assume that close to the isotropic bifurcation point
the orientational distribution functions of the uniaxial nem-
atic phase have the form

B. Analysis of bifurcation to the uniaxial phase

C. Analysis of bifurcation to the biaxial phase

Let us now write the biaxial solution close to the bifurca-
=elVoteP2) (18)  tion point in the formyg=exp(/,+eD) [wWhere i, is the
uniaxial-nematic orientational distribution function, assumed
where € is an (infinitesimally small scalar order parameter known, andD is as in Eq.(13)]. Then, by the above
ande’o is the orientation distribution function of the isotro- isotropic-uniaxial phase analysis, one can obtain the biaxial-
pic phase. Under this assumption and using Etj4), (15), nematic bifurcation equations as
and (17), the self-consistency equatiofid and(8) read

€"D(1)— mpxa f [Y3(1)Y2,(2)+Y3(2)Y? 5(1)]

5
Yo+ €"Pa(1)+pxa f 2—ZP2<1>P2<2)} )
X[1+ €*D(2)]e’nd(cos 6,)d ¢,
X elvot €*P2(2)1g(cos 6,)d b,
+27pXgy f [Y5(1)Y25(2)+Y5(2)Y2,(1)]

5
Fpxes | |24 3PP

X[1+ €D (2)]e’nd(cos 6,)dd,=0, (25)
A
X elto+ €*P2(2)lg(cos 02)d¢2=X—A, (19
A €®D(1)— mpXeg f [Y2(1)Y25(2)+Y5(2)Y2 5(1)]
5
e+ eBP2(1)+prf 2— ZP2(1>P2(2)} X[1+ EBD(z)]edfﬁd(cos 6,)d ¢,
B
x elo* <P2(2d(cos 6,)d b, +27TpXAyf [Y2(1)Y2,(2)+Y3(2)Y2 5(1)]
5
+PXA7j 2+ 5 P3(1)P2(2) X[ 1+ €AD(2)]e’nd(cos 6,)dd,=0, (26)
A where | used Eq.16) for the excluded volumes. The expres-
[0+ e P2(2)] -_B
xelfor < F2Pd(cos 02)d¢2_x8' (20 sjon with spherical harmonic¥3(1)Y?2 ,(2)+Y3(2)Y2 (1)
is equal to Z sir? 6, sirf 6,cos 2@;—¢,), where
For small values ofk one can approximate*=1+x+--- C=15/32r. Again, multiplying both sides of Eq$25) and

and the above set of equations splits into the isotropic part26) by the functionD(1) and integrating over the full set of
and the more interesting nematic part, which contains therientational variables, bearing in mind that ee$(g)
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=cosa cosB+sinasinB and f%” sin 2¢ cos 2p=0, the

following set of equations for the uniaxial-biaxial bifurcation 8.0r
is obtained: |
M 1— mpXxaW,) + €8pxg2mW =0, (27) q=0.38
8.0 -
EB(]—_WPXBWB)"'eAPﬁXAZ'”'WA:O- (28) Q. biaxial

where W, g=4#7CJ] sir 06 d cosh and e’n” are the

equilibrium orientational distribution functions of specifs 4.0
andB in the uniaxial nematic phase. Then the characteristic
equation for Eqs(27) and (28) reads -

isotropic

1— 7pXaWa) (1— 7pxgWg) — p24 72X s XgWaWg = 0. 2.0 N S L
( PXaWa)( pxgWg) —p AXBVWaAVVE (29 25 0 oz o6 oa o
XA

To find the bifurcation points of the uniaxial-biaxial tran-
sition one needs to know explicitly the orientational distribu-
tion functions of specie®\ and B in the uniaxial nematic

phasee(‘”ﬁ’B). They are found from the consistency equationsrameters in the frame where the preferred orientation of the

(7) and (8) restricted to uniaxial symmetry. Then one canmolecules is along the axis to the ones obtained in the

search for bifurcation points for different compositions by rotated frame.

examining the roots of Eq29). SinceW, g are dependent

on p through the orientational distribution functions, one has IIl. BIFEURCATION DIAGRAMS

to look for solutions of Eq(29) self-consistently. The tech- AND ORDER PARAMETERS

nique is to find numerically a value faW for a givenp and

X, and then put it into the bifurcation equation and find the A typical bifurcation diagram(here the rod-disk param-

desired root. If it is not the same as the density used, changier »=0.8) obtained on the basis of solutions of E¢24)

p and repeat the procedure until you get the desired densit@nd(29) is shown in Fig. 1. So far, all papers that introduce
Equation(29) becomes Eq(24) if one replacesW, and  different models of rod-disk mixtures present phase diagrams

W; by their isotropic counterparts, and Iz. This means Of a similar structurg5,7,11,18. (Remember that the bifur-

that a certain phase represented by the fundiidsifurcates ~ cation points differ slightly from the transition points for

from the isotropic phase exactly at the points where thdirst-order transitions.

uniaxial phase bifurcates. A similar result has been obtained Since the proper volumes of particles are the same, the

in [5] for the equimolar composition, where the authors re-diagram is symmetric around the compositios 1/2. The

garded it as sufficient proof that the transitionaisvaysto  isotropic-uniaxial transition line has the form of a well with

the phase of biaxial symmetry. The above analysis show8 minimum atx=1/2. At this point there is also a transition

that the theoretically obtained densities for the isotropic—from the isotropic phase straight into the biaxial phase. At

uniaxial nematic bifurcation are the same as isotropic-higher densities the biaxial phase is sandwiched between

biaxial nematic bifurcation densities fany composition. ~ rod-rich and disk-rich uniaxial phases.

From[1] one knows that it is possible to express the uniaxial The isotropic-to-uniaxial transition is first order, which

solution close to the bifurcation points in terms of the “bi- means that, as far as ordering is concerned, there are jumps

axial” D function by performing appropriate rotations of the in the order parameters. The only exception is the print

reference system. This is responsible for the fact that the

FIG. 1. Bifurcation diagram for the rod-disk excluded volume
parameter,=0.8.

solution of thel -UN bifurcation analysis coincides with the 07
result for thel -BN bifurcation. Moreover, one can conclude —
that|-BN bifurcation analysis is not an appropriate tool for i pW
finding bifurcation points from the isotropic to a real biaxial S
phase and one has to look for another sufficient tool. It turns 0.3 =08 Ba
out that this can only be provided by consideration of the
UN-BN bifurcation. If the set of solutions of the UN-BN
bifurcation intersects the set of solutions of th&JB bifur-
cation, then one can be sure that these points refer to the -0 KA/
bifurcation from the isotropic to the phase of biaxial symme- “
try. - P25

From the above considerations an important question T
arises, namely, how to distinguish between the real biaxial —05 \ w ; :
phase and a uniaxial phase in the rotated frame. Both of them = = o 4 ©

contain nonzero averages of tbg 6, ¢) function. The sim-
plest possibility is to compare values of the free energy of FIG. 2. Order parameters vs density for the equimolar peint
the different phases or to use formulas that relate order pa=1/2 and the rod-disk excluded volume parameter0.8.
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0.6

5.0 - 0.4 |
q=2 biaxial F
0.2
0.0 |
—-0.2
isotropic i

1.0 : L ! L ! . L ! —-0 ! I L !

0.0 0.2 0.4 0.6 0.8 1.0 .0 04 0.8

XA X A
FIG. 3. Bifurcation diagram obtained for the parameter2 FIG. 5. Composition-dependent order parameters of the uniaxial
without the four-phase bicritical point. region (densityp=2).

=1/2 (equimolar poink In this case the transition point and  |n Fig. 3 | show the possibility for the bifurcation dia-
the bifurcation point coincide and the transition is secondgram, obtained in the case of an increased rod-disk parameter
order. Order parameters rise from zero on increasing the deg,:z, In spite of the fact that the general outlook of the
sity of the system. This is a consequence of the vanishing Qbicture is similar to that previously discussed, a different
the cubic term in the free energy, which has been the sourcgualitative feature occurs. For the composition 1/2 there
of the belief that the anisotropic phase occurring at this points no longer a common point for the isotropic, uniaxial, and
has to be of biaxial symmetry. Transitions from the uniaxialpjaxial phasegno bicritical poin} and the whole uniaxial-
to the biaxial phase are always second order. biaxial transition curve is shifted towards higher densities.
Figure 2 shows the behavior of the order parameters vBoth isotropic-uniaxial and uniaxial-biaxial transitions are
density at the poink=1/2. The nonzero values @, and  now second order. This can also be seen from Fig. 4, where
Dg indicate a biaxial phase that bifurcates straight from theall order parameters rise from zero without a jump. In this
isotropic phase. The order parameters presented are the &igure one can see that on increasing the density, the phase
erages of the leading symmetry-adapted functid@ts (13)]  that bifurcates from the isotropic solution at =1.6 is of
perfo.rmed with the obtained solutions for the distributionunijaxial symmetry and then the biaxial solution appears for
functions: p* =2.45. Thus solution of the self-consistency equations
justifies, as had been expected, the absence of a bicritical
- isotropic-biaxial point.
Pzizf P2(0)i(0,¢)dw, An interesting question is what happens to the order pa-
rameters of specied and B in the uniaxial phase in the
density range between the isotropic-uniaxial and uniaxial-

Di:f D(6,4)¢i(0,4)de  (i=A,B). (30) biaxial curves and how the system stops being rodlike and
3.2
0.9
' s
0.5 r =2 Co.a
pZs g © ) N
I 2 \\ uniaxial biaxial
3 L — — — isotropic uniaxial
0.1 N
. G N
o >
L Sleer >
B @ S~
—-0.3 | o o
2 L F T~
Pea <L -
! | L |
g R S °% 2 3
0.0 1.0 2.0 3.0 4.0 g
fo)

FIG. 6. Dependence of the isotropic uniaxial and uniaxial biax-
FIG. 4. Order parameters vs density for the equimolar peint ial bifurcation densities vs excluded volume parameteior the
=1/2 and the rod-disk excluded volume parameter2. composition 1/2.
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1.7870 dance with the property highlighted 5], where increasing
L the value of the rod-disk excluded volume parametém-
proves the stability of the biaxial phase. Because this model
1.7830 is restricted to nematic phases | do not discuss the problem
L of stability of the biaxial phase vs the formation of a possible
smectic phase or the competition between the formation of
b= 17780 1 the smectic phase and the decomposition of the biaxial phase
i\‘ L into two uniaxial ones at high pressure.
o 1.7750
L IV. CONCLUSIONS
17710 L On the basis of the second virial theory of a rod-disk
mixture, | show the possibility of a different type of phase
i diagram without the bicritical isotropic-biaxial point at the
1.7670 s ! ! ! equimolar concentration, where the biaxial phase appears to
0.43 0.47 0.51 0.55 be separated from the isotropic phase by the uniaxial phase.
A This entails that the transition from the isotropic to uniaxial
FIG. 7. The Gibbs energy vs composition obtained at fixed presphas,e is of second Of‘?'ef' e, the prder parameters change
sure 7.1 for the mixture without a bicritical poing+ 2). continuously. Such a situation for mixed systems has, to my

knowledge, not been explained so far. In the literature there
becomes disklike. Changing smoothly the compositign  exist some indications of the first-order transition phenom-
and keeping the density at=2, | obtained the following enon between rodlike and disklike phases in one-component
behavior of the order parametefsg. 5. Nonzero values of systemg16,17. An early one, which also found the biaxial
the order parameters appear at the isotropic-uniaxial nematjghase, is due to Li and Fredd6], who consider a lattice
transition points and form a shark-jaw-like picture. In the model of infinitesimally thin rectangular mesogens interact-
rod-rich phase the uniaxial order parameter for r&gg is ing via both steric and attractive forces. However, in a lyo-
greater than zero, whereas the one for diBks is less than tropic system of mesogens interacting through purely repul-
zero. In the left half of the picture they are shown as solidsive forces, the model does not predict the phase Dith
lines. However, there exists another possibility when the orsymmetry at all, although such a possibility is well known
der parameters have signs opposite to these. This is obtainé@m theoretical and computer simulations of hard-core biax-
by using two reference frames. The first one, which we willial objects. Also in the diagrams exhibiting the biaxial phase
call the rod-phase reference frame, hasztexis along the they observe an unusual sequence of transitions, namely, the
preferred direction of rods in the rod phase. In the secondiaxial phase always melts into a discotic one upon lowering
one, the disk-phase reference frame, zhexis points along the temperature at constant pressure or density. Such results,
the preferred direction of disks in a discotic phase, which isbeing far from reality, might be caused by the two-
perpendicular to the axis of rods(lies in thexy plane of the  dimensional character of the molecules considered or by de-
rod frame. The dashed lines are the order parameters obficiencies of the approximations used.
tained in the frame of character opposite to that of the phase. More conventional are the results of Toledatal. [18],
The right half of the picture is a mirror image of the left half: who show that a general Landau analysis, albeit of the one-
rodlike features are changed into disklike features. This symeomponent system, allows for the possibility of a first-order
metry about the equimolar point is caused by the conditiortransition line from the calamiti¢rodlike) phase to the dis-
of equal proper volumes of the particles. Being restricted tacotic phase. However, at the same time this line does not end
one reference frame, for instance, the rod-phase frame, theith a bifurcation to the biaxial phase.
rod-rich phase approaches the equimolar point with a posi- The case most closely related to that analyzed here might
tive value of the mair(uniaxia) order parameter and jumps be, surprisingly, the report of Yu and Sauj®, where they
to a negative value in the discotic phase. In this sense onglso mentioned the sodium decylsulfate system in which, be-
may say that there is a first-order transition at the equimolasides a phase diagram similar to the lyotropic mixture of
point. However, this transition does not refer to the symme-potassium laurate, decanol, and watep@Ip, it is possible to
try of the phases since both of them are cylindrical. observe a direct first-order transition between calamitic and
Figure 6 shows the dependence of the isotropic-uniaxiatliscotic nematic liquid crystals. A similar case has been in-
and uniaxial-biaxial bifurcation densities on the excludedvestigated by Amardl19].
volume parameteg for the compositionx=1/2. For the The discussion presented in this paper might be regarded
isotropic-uniaxial curve a descending tendency is observeds a partial theoretical explanation to this experimental find-
due to the fact that increasingcorresponds to lengthening ing. Since lyotropic systems with biaxial phases also exhibit
the rods. For> 1.4 there appears a gap between the biaxiathe feature of reentrant phenomena, i.e., a sequence of tran-
and isotropic density regions due to the intervening uniaxiakitions such as isotropic to uniaxial to biaxial to uniaxial to
phase. isotropic, a full explanation of the Yu-Saupe phase diagram
Figure 7 shows the Gibbs energy plot at fixed dimensionmight be achieved through constructing a mixture theory in
less pressure 7.1 for the case without a bicritical point. Thevhich micelles are allowed to change identity.
obtained biaxial phase is stable with respect to decomposi- Here | have analyzed the influence of the rod-disk ex-
tion into rod- and disk-rich uniaxial phases. This is in accor-cluded volume parameter on the type of phase diagram. Per-
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forming a uniaxial-biaxial nematic bifurcation analysis on from (exac} computer simulations. In the second interpreta-
the L2 model, | found the critical value of the rod-disk pa- tion, the kernel interaction parameters may be regarded as
rameter for which the bicritical isotropic-biaxial point disap- renormalized ones, effectively taking into account the influ-
pears. The conclusion | would like to stress here is that thence of higher virial contributions. Such a renormalized
factor that is responsible for the increased stability of themodel allows one to obtain very good results, both for the
biaxial phase is also responsible for the vanishing of thestatic and for the hydrodynamic properties of a nematic
bicritical point. This conclusion refers to the group of theo- phase20].
ries restricted to the.2 model. Although this may be re- Designing mesogenic molecules whose structure of mu-
garded as a rough approximation, all theoretically found andual interaction is dominated Hy2 terms may be the key to
examined instances of a stable biaxial phase are within thithe synthesis of the thermotropic liquid crystal compounds
L2 modelonly. with the so intensely searched for stable biaxial phase. Much
Inclusion of higher-order terms in the interaction kernelwork remains to be done to discover the influence of real
rather leads to the demixing phenomena of the biaxial phasmolecular factors on the interaction kernel parameters, espe-
into two uniaxial ones. What | call second virial theory might cially those that may promote2 terms.
be interpreted in two ways. First, it is the Onsager-type
model where the interaction parameters used refer to the real
interaction potential of the particles. Then disregarding
higher virial terms in the free energy functional may intro- The author is indebted to Bela Mulder and Paulo Teixeira
duce significant differences into the analysis, as is knowror reading the manuscript and for their comments.
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